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Inner product and Gegenbauer polynomials in Sobolev space
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Abstract. In this paper we consider the system of functions Gy, (z) (r € N, n=0,1,...)
which is orthogonal with respect to the Sobolev-type inner product on (—1,1) and generated
by orthogonal Gegenbauer polynomials. The main goal of this work is to study some properties
related to the system {yp,(2)}r>0 of the functions generated by the orthogonal system
{Gy . (z)} of Gegenbauer functions. We study the conditions on a function f(r) given in a
generalized Gegenbauer orthogonal system for it to be expandable into a generalized mixed
Fourier series of the form

r—1 z k 00
1)~ 3 1O T S o (et
k=0 k=r

as well as the convergence of this Fourier series. The second result of this paper is the proof of
a recurrence formula for the system {¢g -(z)}r>0. We also discuss the asymptotic properties
of these functions, and this represents the latter result of our contribution.
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CkajsgpHoe mpom3BeJieHNe W MHOTOYJIeHbI ['erenbayspa
B nipocTtpaHcTBe CoboJjieBa

Moxamen Axven BY/IPE®

Yuusepcurer Bynpa,

Asxup, r. Byupa, yi. dpuccu dxbs Byupa 10000

Awnnoranus. B nannoit paGore paccmarpupaercs cucrema dynxmmit Gy, (z) (r € N, n =
0,1,...), KOTOpbIE OPTOrOHAJILHBI OTHOCUTEJIBHO CKAJISPHOIO IIPOU3BEIEHUs CODOJIEBCKOTO THU-
na #Ha (—1,1) u mopoxKieHbl OpTOroHaMbHbIME ToJuHOMaMHU [erenbayspa. OCHOBHOI 11€71bI0
JIAHHON PabOThI ABJISIETCA U3y UIEHIE HEKOTOPBIX CBOMCTB, CBA3aHHBIX ¢ cucTeMolt {wk () }k>0
dbyHKINHA, TOPOKIEHHBIX OPTOIOHAIBHON CHCTEMOIT {Gf}n(x)} dyuknunit lerendbayspa. Uccie-
nyored yejosug Ha dbyukmmio f(z), 3amannyio B 0600IeHHONE opTOroHasbHol cucreme le-
reabayspa, KOTOpbIe TAPAHTUPYIOT €€ Pa3JIoKUMOCTb B 0DOOINEHHBIN cMerraHubiit psig Pypbe
BUJIA

r—1 0o
Fla) ~ Y FB(=1) fracle + 1) K+ Y CRp ()l (),
k=0 k=r
7 U3ydaercs CXOJAUMOCTDL 3TOro psiyga Pypwbe. Bropoit pesysnbrar 3Toif cTaThbu COCTOUT B J10-
Ka3aTeIbCTBe PEKYPPEHTHON GOpMyIsl st cucTeMbl {@g »(z)}r>0. MBI Takzke obcyxmaem
aCUMIITOTUYECKHE CBOMCTBA 3TUX (PYyHKIUi, UTO COCTABIAET 3aKJIOYUTE/bHBIN pE3yJbTAaT Ha-
meit paboTHI.

KoroueBble cioBa: ckajsipHoe pousBesienne, mpoctpancTtBo CobosieBa, MHOTOWIEHbI [eren-
bayspa
BaarogapraocTu: Pabora Bemonnena na Pakynbrere eCTECTBEHHBIX W IPUKJIATHBIX HAYK U B

Uccnenosarensekoii jaboparopuun LIMPAF Yuusepcurera Byupa, Amxup.

Jns nqurupoBanusi: bydpeh M.A. CkayisipHoe pousBejieHue U MHOIOYJIeHbl [erenbayspa B
npocrparctee Cobosesa // BectHuk poccuiickux yHusepcureros. Maremaruka. 2022. T. 27.
Ne 138. C. 150-163. DOI 10.20310/2686-9667-2022-27-138-150-163. (In Engl., Abstr. in Russian)
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Introduction

Consider an orthogonal system {px(2)};>, on (a,b) with p(z) as a weight function, and
let 7 € N. We construct a new orthogonal system {¢y,(z)},5, following the Sobolev-type

inner product:
r—1

b
(F9)s = 3 1@g ) + [ 1709 (). 01)
v=0 @
Quite a few authors have presented this type of construction, see, for example, the works of
R. M. Gadzhimirzaev ( [1]) and I.1. Sharapudinov ( [2-6]) on the construction of mixed Fourier
series. The author in his works presents some particular cases of systems generated by classes
of orthogonal functions, namely Jacobi, Legendre, Chebychev, Laguerre, and Haar.
Gegenbauer polynomials are widely used in several fields, they are of a particular interest
in applications. It is clear that these polynomials present a special case of those of Jacobi
for particular values of parameters. In this work, we will reconstruct the orthogonal system
{orr(2)} 5 generated by the Gegenbauer polynomials using the approach which is different
from the one used by I. Sharapudinov.
Denote by L?(a,b) the space of measurable functions f(z), = € (a,b), with

/ b FO gD () p(t)dt < oo.

When p(z) = 1, we write Lb(a,b) = LP(a,b). It is clear that Lb(a,b) is the Banach space

with the norm 1
b »
rvmﬁ:(/\ﬂ@vm@@)

We can define the functions of the system {¢,(2)},-, as follows [5]:

1 b _
Prr+k(T) = m/ (z =) " px(t)dt, k=0,1,2,..

_ k
@m@%:@?#L,k:QLZ~-J—L

(0.2)

From (0.2) for = € (a,b), we have

Orpp—v(x), if 0<v<r—1,r <k,

@y _ ) Pro(T), if v=r<k,
(pr,kz (I> B Qprfv,kfv(x% if v < k < T,
0, if k<ov<r.

Denote by ng(a’b
tinuously differentiable on the interval [a,b] functions f(x) such that f0=1(x) is absolutely
continuous on [a,b] and f)(z) € LE(a,b).

For p = 2, we define in Wzg(mb) the inner product by (0.1). We can set the norm for any
function f € Wiﬁ(a,b) by

) the Sobolev weighted space. This space consists of all » — 1 times con-

||f||W£2(a’b) = <fa f>sa
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which allows us to deduce that (WL’"% @y |l ) is the Banach space, and (WL’"% (apy {7 S)

L2 (a,b)

is the Hilbert space.
The system {¢,,(2)},-, is said to be Sobolev-orthogonal according to the inner product
(0.1) generated by the orthonormal system {px(z)};~, -

1. Main concepts: some properties of Gegenbauer polynomials
Let gpff,n(x) be the Sobolev-orthogonal polynomials according to the inner product

r—1

1
(F9) = 3 FO-0g 1) + [ 0wl
v=0 -1
where w(t) = (1 — tQ)Q_% :
Here are some properties of the Gegenbauer polynomials:
e Gegenbauer polynomials are given by [7]

(2a),
(a+3),

where P}ﬁﬁ)(m) is the Jacobi polynomial, (@), = a(a+1)(a+2)...(a+n—1). We can
have the following formula

1 1

)

gp(x) =

g2 (z) = Pl g,

with

e Recurrence formula:

62(2) = = (20 (a+n — 1) g% (z) — (n+ 20 — 2) g2 ,(x)).

n

e Orthogonality formula:

1
/ g2(2)g% (@) (1 — )2 Edx = b,

1

where
he = n 217227 (n + 20) '
nl(n+a)l?(a)
Let us put
o w(z)
Gn(x) - hO‘ gn( )7
where

w(z) = (1 — 222,

G%(x) are the Gegenbauer functions |7, p. 776]. The system {G&(z)} is orthogonal on (—1,1),
i e.

1
/ Gy (z)Go (x)dx = bpm.
-1
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e Some values:

Go(z) = wlz)ol ) GY(z) = 2ozx\/w(x)<1 +o)l*a)

w2120 () 217227 (1 + )

1.1. Orthogonal Sobolev functions generated by the Gegenbauer functions G%(z)
Definition 1.1. For r €N, we define the functions ¢7,(z) (k=0,1,...) by
1 k
w%@%:wzl),k:QL“m—L

1 * RPN
Spg,k—ﬁ-r(x) = rl)' /l(x - t)r 1Gk(t)dt’ k= 0,1,....

We will calculate the functions ¢f, () for any k € N and z € [-1,1].

Theorem 1.1 (Fisrt aim result). For a > —1, we have the following relations:

1. (‘Ogndrn <x>

1 «
= —2r, /1 224 /1 —(1— )M1 2 .
+ 90r+1 r+n( ) + 2z + (107‘ r+n— 1( ) n—+a + n(pr,rJran(x)

['(1 4 2a) I'(1 + 2a I'(1+ 2a)
2' 907"7" 2@ 907‘ r+2 + 2:1: 907" r+1 20( Spr r+2
a (0%
3. o7 1+n =—=24/1+ ‘P2 1+n )+ 2xy/1+ 901 n a> 1+ E(zpl,n—l(x)

To prove this theorem, we have the following lemma:

Lemma 1.1. (8, p. 80-83 | Here are the formulas for the derivations of the Gegenbauer
functions:

1. e o(z) =2ag;_(z).

= ——{(n+20 = 1) (n+20) g1 () = nn + gl ()}

= —nxgl(z) + (n+a—1)g2_ (x)

= (n+20)zg, (z) = (n +1)g. (2).

b ) — g )] =20+ )i () = 20 [ @) - g @)
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Proof. (of theorem 1.1): 1. Firstly, its clear that:
() = Gao). ehol@) =1, ¢tile) = [ Giloyar
-1
We have
1 v 1
_ =l g 1.1
i) = =g [ @=0rGa0 (1)
where
w(t
Gatt) = Y2 o)
Vv h
By Lemma 1.1,
2v(a+n—1) n+2a—-2
o) = 2O gy P22 (12)

Then (1.1) becomes

o (a+n—1) /— Jrt g
Qpr,r+n($) = / t ! In— 1<t>dt

(r—1 'n\/h‘l
a+n—1 r—1
\/ —t o (t)dt
r—l'n\/ﬁ 1 (@ G2 (l)

2(a+n—1\/hg_1/ wtt(
(r—1)ny/he 1 4/he 4

_(a‘f'n_l)\/h% 2/ ha _t)r 1 (t)dt

— )" e (t)dt

n—1

(r— Dlny/he In-2
~ 2(at+n-1)he . et
B (r — Dny/he /1 G (1) (o = 1)t
(a+n—1)yhy, [, -l
e \/_th / o) =t

After simplification of the terms without integral signs, we obtain

1 €T
Ppan(@) = 2\/1+%f, =ty G e

(1 n+a_1 )mﬁ /j(a:—t)’"_ng_z(t)dt.

Put
1 v o
Corinale) = oy [ =07 iG (0

—1
Still to be calculated

1 ’ r—1,ya
T / e =GR (0,
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We have
1 ! r— «
J = m/l(t—xﬂﬁ)(rﬁ—t) G (t)dt
1 r T r
= ———— [ (-G [()dt + —— [ (z—t)" G (t)dt
(7"—1)! 1 (r—=1" /),
= _7“90?+1,r+n(95) + w@g,r+n—1(x)‘
Thus
90?‘[,7"4-71(1‘)

[, a [, o 1 [, a
= —2ry/1+ E§0r+1,r+n(‘r)+2x 1+ Egpr,vq»nfl(‘r)_ <1 - m> 1+ ﬁ(pr,rJran(x)'

2. We use the following relation:

«@ _ 1 ‘ T — r—1 v . ]' L * w @ T — r—1
o0) =y | e = 0G0 = gy [ Ve - o

By lemma 1.1 (formula 4), we have

() = 20 oy - 2 gpe),
erto) = 200 [ - s [ e - o
_ %\/Z:g / 1 t(x—t)’"lG?(t)dt—ﬁ\/Z:g / i(x—t)’"ng(t)dt.
Put

Let us calculate

— ﬁ /j (t—a+x)(x—t)" " G(t)dt

G _1 0l /x (z = )"GY(t)dt + ﬁ /x (z — )" "G (t)dt

—1 -1
= _T90$+1,r+2($) + :L‘cpf’r_i_l(a?).

Then
N 2(a+1) [hS N N 2 |hy
Sor,r(x) = m h_é (_T¢r+1,r+2<x> + TP 11 (LC)) - a h_é(pr,ﬂr?(x)a
hence
. M2, . r@+20)
@r,r(x) =2 W <_Tgpr+1,r+2(x> + TP 11 (l’)) - W¢T7T+2('x)'

So we obtain the second formula.
3. It is sufficient to replace » =1 in the first formula, since it represents a special case.
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1.2. Problem of mixed Fourier series

Let f e Wgz(_l 1 - If this function is given in the generalized Gegenbauer orthogonal system
p b
{en(2) 102, then

Z Dl (1.3)

This Fourier series will have the form

Zf e S O (1.4

with

Cﬁ:k(f) = fr,k = f ( )Sprk( )dt

_ / FONGE (1t k=rr41,
1

called the Fourier coefficient. For r = 0, we have

x)NZC&k( Pox(T Zfok%k
k=r
with .
fox= [ FOGE@)L. (1.5)
-1
In this section, we will give the expressions of (1.4) and (1.5) taking into account the

expression of G&(t). Also we will prove the convergence of the series (1.3). The following result
is similar to the one given in [5].

Theorem 1.2. For a > —1, the system of functions {5, (v)} generated by the Gegenbauer
functions G&(x) and given by the formula

1 ’ r— «
Crnr(T) = =1 /_1($ — )" rGY(t)dt, n >0,

1s complete in W£g<_1,1) and orthonormal via Sobolev’s inner product

r—1

gy =3 FO(=1) g0 (1) + / 05 w0

v=0
It follows from the two formulas

Prn(®) =
that for all x € (—1,1),
Sog—v,n—u(x)a Zf 0<v<r— 17 r<mn,

(0%, (@) = Go_,(x), if v=r<n,
o @?—U,n—v(z)’ Zf v S n < ’f’,
0, if n<v<r

with &5, (x) = G2(x).



158 M. A. Boudref

1.2.1. Study of the convergence of the series (1.4)

Let fe W),

(=1,1)7 then f) € LP with
p b

@) ~ Y Cri (f7) GR(2),
k=0
where .
Cow (f7) = / FOBDGEt)dt, for all k > 0.
-1
We will prove the following result:

Theorem 1.3 (Second aim result). For a >0, x € (—1,A], (A<1), and f € W], with
% < p <4, the Fourier series

fl@)~ > P Z D

converges uniformly to the function f.

P r o o f. We note the following partial sums:

r—1
f :Zf(k) Zcﬁyk @rk
k=0
STOL‘ (f(?‘)yx) — Ar,k (f(r)Ga( )
k=0
Then
1 x r4+n
1) = St ()] = | =gy [ =07 10 IAUEAE
with X i
Prkr(T) = =1 /_1(1‘ — )" G (t)dt,
SO ) i
eri(z) = =] / 1(93 — )@Y, (t)dt.
Hence

’f(ﬂ?) - rn—i—r(fa )‘
o e uZCf‘k ) [ @-trie

T r+n
(x— 1) (f(” - zm) dt
-1 k=r

1
(r—1)!
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with .
> OG- () = S5 (f7), ).
k=r

Then

‘f(x> rn+r(f x)‘ = |

—1
T

(x-—t7‘1|f — S& (0, )] at.

n

) () - S8 (f“%t))dt‘

S
Using Holder’s inequality, we get:

@) = S ()] < - )l (/1@ —t)““—l)th); (/1 £y = 83 (f,1) \pdt);

s 01,1
with ;+5—1~

Calculate
T 1 q(r—1)+2
J— / (r—Da gy — (—1)1 (T—l)/1<x _ t)q(rfl)dt = (q(—i: i)1> g, for x € (-1, A].
Then

A)alr=1)+ ‘
0= St (1.9 < = () 17960 =55 (00,

Since
Hf(r)@) - Sy (f(r)w)HLp — 0 asn — oo,
it results that

‘f(&?) rn+r (f LC)|
uniformly on (—1, A]. O

Theorem 1.4. Suppose that —% < a< % If f e WEQ(_M), then we have the uniform
p b
convergence of the Fourier series

r—1 0o

Z Sprk

k=0 k=r

n (=1,1) to the function f.

2. Asymptotic forms of the functions ¢, ()
We say that

i) = [ Gitoyit = —— [ Vol (t)dt

1

21-20 (1 4 2q)
nl(n+ o) [ ()]

where

w(t)=(1- t2)a_%, he =
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Then

1—t2 33 gO(t)dt.

SO(IX,I-"-?’L( ) \/ﬁ n

Integrating by parts and using the first formula of Lemma 1.1, we get:

. u=(1-1)5"% du= (21 (1 —)55(=2t)dt
90(11,1—&—n T)= o o )
dv = g (t)dt V= s g (1)
SO
D51 (@) ! (1 — a5 ey + — 2 i [ t(1— 35717 ge ] (t)dt
L1+n 2(a—1) /Ao n+1 (@—1)y/he ) n+1 )
o u=(1-1)5% du=-2t(1—)57 (la—2)dt
1,140\ L o
d/U = gn—‘rll(t)dt v 2(ocl Q)gn+22(t
Then
1 anae_1 49 (1 B 1'2)%7% -2
a — 2z 19" a T +Ra x),
901,1+n( ) 2 (Oé . 1) \/h_%( ) gn+1( ) 2 (Oé . 1) (Oé . 2) \/h—ngn+2( ) n( )
where ( 1) ( 5)
a 1 a9 x a 9
RY(x)= —2 4712 4 t(1—t%)2" 1 g*2(t)dt. 2.1
sy 8 B Gk M1 1)

Theorem 2.1 (Third aim result). Suppose that « > 5. Then the following asymptotic
formula holds

RO et L A (1—a?)8}
901,1+n<m> - 9 (a _ 1) \/EgnJrl( ) + 9 (Oé _ 1) (Oé B 2) \/@gnJrQ

where R%(x) is given by (2.1) and satisfies the estimate

RO(z) = o0 (%) |

P roof To estimate the remainder R%(z), we must consider two cases.
First case: —1 <ax < -1+ % Here we have:

GO o () g e s (L oo+ 1),
then
R ()] < (a(_[)(i(_;jh— F<§ng;§@?3) / 11+i\t(1—t2)3‘3|dt
e N T
< ol [ [ oG el
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We let

po - 27T (14 20)
nl(n+ ) [ (@)

n

It is easy to see that

Then

R <o)

r(gfﬁ)?(_ni) 3)‘ '”0(%)‘ = 0<l>'

Second case: —1 + % <z < 1. We have:

U . - .
< Wan [/ t(l—t2)2_zgg‘+22(t)‘dt+/ t(1—2)%" Zgn+2(t)‘dt],
—1 _

with

So

_1+% a_9 z a_9
R@) o [ @) it [ -2 0| a
—1 —

o) + / (1-) 7 gz an

_1+%

IN

We say that for each t = cosf, 0 < § <60 <7 —J, the asymptotic representation is |9, p. 318|

(a—L.a-1) cos {(n + ) 9——} ( )
Pn 9 == 3 ’
(cos ) \/ TN (sin g) (cos 2) n2
where P,E“’ﬁ

)(t) is a Jacobi polynomial.
Since

o _F(a—l—%)f‘(?a—i—n) (a—b.0-1)
g, (t) = T(20)T (a—i—n—}—%) Py (t),

then

a _F(a—i—%)F(Qa—l—n) COS{(n—{—a 9__}
go(cosf) = ['(2a)T (Oz—i-n—l—%) M(Sine) (COSG) (712)

First, find an asymptotic estimate for

I' (2ac+n)
F(a+n—|—%)'
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We see that )
I'(az +b) ~ V2me™* (az)“wb_§ , largz| <m, a>0.
JL(z+a) (b—a)(a+b—1)
bra 2~ 7 ] Cs 3 b—1)* - b—1
F Tern T T 22 1222 Bla+b-1"—a+b—1]+
So
' (2a+n)
I'(a+n+3)

Taking into account the fact that |1 — t2| <1 for -1+ % <t<uz<1,it follows that:

67 1 *
@l <o (5 ) v [ laisio]

R3(@)] < o0 (%)

I'(a+ 1 Wa n ar cos(x) 1
+ ( ) COS{(n—I—a)Q—z}‘sin@d&—l—o(—).
['(2a)\/mn }(sm cos ‘ ar cos(—14 1) 2 n?

Now, using the properties of the trigonometric functions, we get
1 1 r (Oé 4 l) Wan ar cos(x) 1
R < - - 2 0do —
RIS (n) i (n) rCa)yn| (i ) (005 D] Jureoscrery 0 (nz)
1 1 I'(a+ 1) wan i 1
— 0do
0 <n) o ( ) 20[ m’ SlIl ) COS ) | ar cos(— 1+ -) . <n2>
(1)+ (1) I'(a+ %) wan (7r2 arcosQ(—l+ﬁ))+ (1)
*\n) " \n) T2y sin §) " (cos ) \ 2 2 2

- (2)

So, we have the desired estimate. O

IN
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